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Transformation of SQL-based combinatorial optimization problems

into Constraint problems
Genki Sakanashi'* Masahiko Sakail

1 Graduate School of Informatics, Nagoya University

Abstract: The authors recently proposed an SQL-based language CombSQL+ for specifying
combinatorial optimization problems, and showed a solving method that uses an SMT solver. This
method has an advantage that (i) problem constraints are written in ordinary SQL queries, and
hence it enables an easy way to describe specification for SQL programmers, and (ii) problem
instances can be supplied as ordinary database file. The generation method to produce SMT
constraints are not only complex but also does not cover full-SQL query facilities.

To overcome the problem, this paper proposes a generation method of an ordinary SQL query,
whose execution by an existing SQL-engine causes constraints for SMT solvers, from a specification.
Here, a key technique is the use of user-definable functions, which may cause side-effects, allowed

in the database system SQLite. We also show the correctness of the transformation.

1 Introduction

The combinatorial optimization (CO) is an important

topic, which gives one of the best solutions for var-

ious problems. It is an intelligent work to describe

a specification in a constraint modeling languages.

In order to ease this, the authors have proposed an

SQL-based language CombSQL+, its abstract seman-

tics, and constructive semantics [4], whose benefits

are listed as follows:

e Constraints and goal functions, which take the most
important role, are written as ordinary SQL queries,
hence everyone who knows SQL language can de-
scribe CO-problems in CombSQL+. Moreover,
such SQL constraints can be debugged by an ex-
isting database engine if candidate solution tables
are prepared as test data.

e It provides an easy separation of a problem descrip-
tion and its instances. Here the former is a specifi-
cation, and the latter is stored in a database file.

e It is not necessary to introduce variables to specify
a search space. Such variables are automatically
introduce from the CombSQL+ description when
producing a CP/SMT constraints.

In the language, the search space is given as a set

of relational tables. The abstract semantics of SQL-

operations is defined as the set extension. In [4], a

constructive semantics is also given for implementa-

tion as an interpretation to quantifier free linear inte-
ger arithmetic (QFLIA) constraints, but it is not only
complex but also does not cover full-SQL syntax.

*Present affiliation: Nomura Research Institute, Ltd.

This paper propose an SQL transformation so
that execution of the resulted SQLs generate QFLIA
constraints. A key idea is the use of user-definable
functions that may cause side-effects allowed in the
database system SQLite [2] (See Section 4). To this
end, we implemented CombSQL+ system based on
this SQL transformation technique, where we use
pysmt [1] as an interface for SMT-solvers.

2 Preliminary

The set of Boolean values are B = {true, false}, which
may be interpreted as 1 and 0, respectively, when
used in integer expressions. A multiset is a col-
lection of elements, which allows multiplicity. This
paper uses U and C to represent the union and
subset relation of multisets, respectively. For ex-
ample, {1,1,2,3} U {3,4} = {1,1,2,3,3,4} and
£1,1,2,3} € {1,1,2,3,3,4}.

A waluation « gives a value to each variable in
its domain Dom(a)). We may write a valuation « by
a set-like notation {z — «a(z) | x € Dom(a)}. We
use Var(¢) for the set of all variables occurring in an
object ¢. If valuations « and S satisfy that a(z) =
B(x) for common defined variables € Dom(a) N
Dom(3), we say that they are compatible. The union
aU S of compatible valuations o and 3 is well defined
as (aUp)(z) = a(z) if z € Dom(w); (U B)(z) =
B(z) otherwise. If compatible valuations « and S
satisfies that Dom(«) 2 Dom(f), we say that « is an
extension of 8, denoted by a = .

A relational database is a collection of tables, each



of which is a multiset of records. A record r is a set
of values associated with a column name, which is
represented like (¢; = dy, ..., ¢, = d,)) where each ¢;
is a column name and d; is the value associated to c¢;.
The value d; is also refereed as r.c;. We use [Q),., for
the result of an execution of a query Q.

3 CombSQL+

3.1 Language

This subsection explains the lan- Table 1: R
guage CombSQL+ [4] by a simple col
problem: ;

3

Example 1 Select lines, as much as
possible, from the table, like R shown
in Table 1, such that the total sum is three.

A description in CombSQL+ consists of three steps.

Generation defines a search space consisting of a tu-
ple of sets of tables in the following form:
CREATE SET nameset
) Qn(tlw ce tm))

HAS (Qi(t1,..-\tm),. ..
FOR t1 IN chs_qry, ..., tm IN chs_qry

where @; is an ordinary SQL, and chs_gry is called
a choosing query, which may contain CHOOSE and
SUBTABLE OF operations. When m = n = 1, we have
an abbreviation (See [4] for detail):

CREATE SET nameger AS chs_qry.

Filtering describes a query Q(¢1, . . .
true when given tables satisfy the problem constraint
in the following form:

CREATE SET nameg; HAS (tg,...
SUCH THAT Q(t,...,t,)

,tr) that returns

ytn) IN namese

Selection orders to solve an optimal solution with
respect to a given goal function in the following form:

CREATE TABLE (namesy,...,name,) AS (t1,...,t,)
IN namese; MAXIMIZING f(t1,...,t5)

Example 2 The problem in Example 1 is specified
as follows (See also Tables 1 and 2): *
CREATE SET SearchSp AS
SUBTABLE OF (SELECT * FROM R)

CREATE SET Sol HAS t IN SearchSp
SUCH THAT (SELECT SUM(col) FROM t) = 3

CREATE TABLE sol AS t IN Sol
MAXIMIZING (SELECT COUNT(*) FROM t)

SQL queries are naturally extended to those on
set of tables. We use Q(R1,...,R,) for an SQL @
by explicitly presenting tables R;. In the following

1The SUBTABLE OF structure is not implemented due to a
technical reason in the current system. Nevertheless, we use
this specification for simplicity.

Table 2: Tables SearchSp, Sol, and sol
(a) SearchSp

col col col col
1 2 1
b b b K 2
_3
(b) Sol (c) sol
col col col
1 3 1
2 7 2

Table 3: A constraint table (R, )

R+
col | ext Y1 =
1 1 (/\1gig3(mi =0)V(zi =1))
2 z2 A ((].Il + 222 + 3:L‘3) = 3)
3 x3

definition, we give a semantics of an extended query
Q(R1,...,Ry) for sets R;’s of tables. This notion

gives an important role in implementation.

Definition 3 An execution of an extended query
Q(R1,...,Ry) returns a set of tables S satisfying that
S = {[Q(Rl, ey Rn)]sel R; € Rz} .

3.2 Constraint tables

We introduced a constrained table? in [4] for repre-
senting a set of tables.

Definition 4 e A constrained table is a pair (R™, )
of a relational table RT and a constraint v over
those variables. Here Rt may contain variables as
data, and must have a special Boolean column ext.

e The table a(R™) obtained from a constrained table
R* and a valuation « is defined as follows:

a(RT)
= {a(r) ] (ruU {ezt =v)) € RT,a(v) = true}.

e Rt and a constraint ¥ represent the following set

|[RT|y of tables:

IRy = {a(RY) | a =}
Here, a |= 1) denotes that « satisfies 1. An abbre-
viation of ||R™ [|true is ||RT||.

e (RT,1)) is a represention of a set |[R*|y of tables.

Note that an ordinary relational table can be seen as
a constrained one by regarding that the column ext
with true data is abbreviated.

Example 5 The constrained table in Table 3 repre-
sents the set Sol in Table 2 (b).
2The notion of constrained tables is different from con-

straint database [3]. The latter represents a relational table
containing possibly infinite records.




3.3 Solving combinatorial problems

We can solve problems in a following way, if we ob-
tain an implementation of the extended SQL on con-
strained tables.

Algorithm 6 ([4]) Input: a CombSQL+ problem
description (as shown below), and tables that store a
problem instance.

CREATE SET SearchSp AS Qo
CREATE SET Sol HAS t IN SearchSp AS Q(t)
CREATE TABLE sol AS t IN Sol MAXIMIZING f(ﬂ

Output: a solution table a(R™)

Procedure:

1. Generation: SearchSp is a constraint table (R, 1)
(detailed explanation is omitted).

2. Filtering: supposing Q((R™,)) = (x
constraint table (R, z A n).

3. Selection: supposing f((RT,z A1) = (n,1), a
valuation is calculated by a SMT solver from con-
straint i’ with optimization goal n.

The procedure output a table a( R+) for a valuation
« obtained by the solver.

.y, Sol is a

Theorem 7 ([4]) A table a(RT) obtained by Algo-
rithm 6 is an optimal solution.

4 Basic idea

We have shown a constructive semantics of the ex-
tended queries in [4], which is not only complex but
also has a restriction that e in SELECT e FROM ...
must not contain recursive query. This section il-
lustrates the outline of a simpler method for the
extended queries based on an SQL transformation,
where an execution of the resulted (ordinary) query
produces SMT constraints, which can be send to SMT
solvers.

A key idea is the use of functions like those shown
in Figure 1, where these functions are regarded as
user defined ones for ordinary SQL engines.

Given an extended query Q({R™,)), we gener-
ate an ordinary query Q'(R™) satisfying the following
property:

Property 8 A query @' implements a query Q for
constrained table (RT, 1) if

1 | def SUM’ ((x1,b1),...,(xn,bn))

2 | y = new_fresh_variable()

3 send("y = x1*bl + ... + xnbn")
4 return y

5 | end

6 | def EQ’ ((x1, x2)

7| 'y = new_fresh_variable()

8 send("y <=> (x1 = x2)")

9 return y

10 | end

Figure 1: Pseudo-codes of functions used in the ob-
tained queries

[Q'(R)].. = ST with n

implies [[S*||ynn = {[Q(R)]...
Here, we assume that variables in R' are represented
as strings, and 7 is stored by side effects of the func-
tions like in Figure 1.

Re||RT |y}

Example 9 An extended query

Q = (SELECT SUM(col) FROM (R%, true)) = 3
is transformed to

Q' = EQ’ ((SELECT SUM’(col,ext) FROM R*), 3),
where SUM’ and EQ’ are functions shown in Figure 1
as pseudo code. The evaluation of the query Q' for
Rt in Table 3 produces z while sending y = 1z, +
2x2+3x3A (2 & (y = 3)) to an SMT-solver. Remark
that Boolean values here is interpreted as 0 or 1.

This approach is simple, and Table 4: RY

some of SQL operations cannot be col | ext
processed without a drastic change y1 | true
on queries. For example, consider ya | true
a constraint table R;r in Figure 4. ys | true

Suppose processing the following
extended query:
SELECT COUNT(col) FROM (R™,true) GROUP BY col

Transformation seems very difficult, because the tar-
get column of GROUP BY operation is given as vari-
ables whose values are not fixed. Therefore we elimi-
nate such difficult operations, as presented in the next
section, before transformation.

5 Eliminating some structures

This section defines a simple subclass of SQL from the

reason explained in the bottom of Section 4. Each

SELECT sentence in simple queries must satisfy the

following conditions:

e No GROUP BY, HAVING, nor DISTINCT.

e No set operations except for UNION ALL.

e No JOIN except for CROSS JOIN.

e At most one CROSS JOIN.

e If containing CROSS JOIN then no operations in
result columns and also no WHERE.

e No operation in WHERE.

e Every column/table is named by AS.

e No AVG.

e No operation in arguments of aggregation functions.

We use @ for selection queries that return tables, ¢
for column names, e for value expressions or selection
queries that return values, f for non-aggregate func-
tions, and a for aggregate functions. Now, we show
the syntax and semantics of simple queries as follows
Note that the semantics are given allowing side effects
in functions.



Definition 10 We use [Q)],., = R with ¢ to present
that an execution of Q returns table R with constraint
Y as side effect. Similarly, [e]. = x with ¢ presents
that an evaluation of e for a record r results in x
with constraint 1 as side effect. These are defined as
follows:

e [table],., = table with true.

o [SELECT ey AS ¢1,...,en AS ¢, FROM Q)...
={{cr=07,...,cn=00) | r € R} with (¢ AY'),
where ' presents \,cp 1<i<p Vi for [Ql.. = R with
Y and le;]l,, = vi with ;.
[Q1 UNION ALL Q.. = S1 W Ss with (Y1 Aa),
where [Q;... = S; with ;.
[SELECT e1 AS c1,...,en AS ¢,

FROM ()1 CROSS JOIN Qs)...
={{c1=07,....,chn =0l |r€ (R X Ra)}
with (&1 A& AN e(ry xRy 1<i<n Vi )
where [Qjl.. = Rj with & and [e;], = xf with ¥} .

exp

[literal]l,, = literal with true.

° [c]:wp = r.c with true.

o [fler,. .., en)l, = v with ) A /\1§ign Vi,
where [e;]",, = v; with 1; and an evaluation of
F(v1,...,vp) results in v with ¢ as side effect.

[(SELECT a(c1) AS ¢o FROM Q)]7, = v with ) A/,
where [Ql... = R with ¢ and an evaluation of
a({r.c1 | r € R}) results in v with ¢’ as side effect.

It is possible to transform a given (full) query into
an equivalent simple query. In the sequel, we explain
elimination of HAVING, GROUP BY, and DISTINCT.

e Elimination of HAVING: Supposing no WHERE, we
transform a query
1 | SELECT el AS ci, ..., en AS cn FROM t
2 | GROUP BY f1, ..., fn HAVING h

into the following query without HAVING:

1 ‘SELECT cl, ..., cn FROM

2| (SELECT e1 AS c1, ..., en AS cn, h AS ch
3 ‘ FROM t GROUP BY f1, ..., fn)

4 | WHERE ch

Here, in the inner selection the resulted values of
h is stored as a fresh column ch, which is used in
the outer selection to remove unnecessary records
in the outer selection.

e Elimination of GROUP BY: Supposing no HAVING nor
WHERE, we transform a query

1 | SELECT el, ..., en FROM t GROUP BY f1, ..., fn

into the following query without GROUP BY:

WITH tt AS (SELECT *, f1 AS gi, ..
SELECT

(SELECT el FROM tt

‘ ., fn AS gn FROM t)
\

‘ WHERE tt.gl = t2.gl AND ...

\

\

\

AND tt.gn = t2.gn),

(SELECT en FROM tt
WHERE tt.gl = t2.gl AND ...
FROM (SELECT DISTINCT gi, ...

AND tt.gn = t2.gn)
, gn FROM tt) AS t2

Here, GROUP BY divides records into groups having
same values in columns f1,...,fn so that aggre-
gation function can work for each group. Thus, in
order to eliminate GROUP BY, it enough to apply the
aggregation functions el, ., en for the table t2
with distinct value in column f1,...,fn.

e Elimination of DISTINCT: Supposing no HAVING,
WHERE, nor GROUP BY, we transform a query

1 | SELECT DISTINCT ci, ..., cm FROM t

into the following query without DISTINCT:

| WITH tt AS (SELECT c1, ..., cm, ROW_NUMBER()
OVER(ORDER BY c1, ..., cn) AS ID FROM t)
SELECT c1, ... cm FROM tt AS t1
WHERE NOT EXISTS(
SELECT c1 FROM tt AS t2 WHERE t2.ID < t1.ID AND
t2.cl = tl.cl AND ... AND t2.cn = tl.cn

N OULR WK =

[

Here, DISTINCT specifies that the resulted table
is a set of records by eliminating redundant ones.
Preparing a table tt attached a column ID with dis-
tinct value for records, the resulted query extracts
a record with smallest ID from records having the
same values in columns c1,...,cm. Note that we
use ROW_NUMBER, a kind of window functions, for at-
taching the column ID.

6 SMT constraint generation
via SQL transformation

This section gives a transformation ¢r that converts
a simple query @ into a query Q' that satisfies Prop-
erty 8.

For an aggregation function agg, a query
SELECT agg(c) FROM ¢ returns a value determined
from all data of column c in table t. We use agg to
present the function used in the calculation for agg.

We prepare a function f’ having side effects for
each SQL function f as in Figure 1. These functions
appear in the resulted SQL by the transformation tr.

Definition 11 1. For a SQL function f, the function
f'(v1,...,v,) returns a fresh variable y, where it
produces the constraint y = f(vi,...,v,) as side

effect.

2. For an aggregation function a(c) we prepare
a'(¢,b), which is defined as

a/({(vlvbl)v s (vn’ bn)}) =Y,

where y is a fresh variable and the function pro-
duces a constraint y = a({v; | b; = true}) as side

effect.

Example 12 1. For function AND(bi,bs), function
AND’(by, by) returns a fresh variable y and produces
a constraint y < by A\ bs as side effect.



2. For aggregate function SUM(c), aggregate function
SUM’(c, ext) is defined by
SUM’({(k’l, bl), ey (kn7 bn)}) =Y
Here y is a fresh variable, and it produces a con-
straint y = if (b1, k1,0) + - - - +if (by, kn, 0).

We now define the SQL transformation tr(Q) for
simple queries @, in which each table contains ext
column. For simplicity, we assume that input queries
have a single value expression for each SELECT sen-
tence.

Definition 13 ¢r is defined as follows:
° trm(RjL) =Rt.
o tr,..(SELECT e AS ¢ FROM Q)
= SELECT tr.,(e) AS ¢, ext FROM tr..(Q).
° trsd(SELECT c AS ¢1 FROM () WHERE Cz)

= SELECT ¢ AS c1, AND’(c2,ext) AS ext FROM tr..(Q).

® tr...(SELECT ¢ AS c¢1 FROM Q1 CROSS JOIN Q2)
= SELECT ¢ AS ci1, AND’(t1.ezt,ts.ext) AS ezt
FROM tr..,(Q1) AS t1 CROSS JOIN tr..(Q2) A4S ta.
o tr..,(Q1 UNION ALL Q)
= tr.(Q1) UNION ALL tr..(Qs).
o tr.,(literal) = literal.
o tr.,(c) =c.
o tra(fler, - en)) = f (traper), .., traplen)).
® tr..,(SELECT a(c) AS ¢ FROM Q)
= SELECT a’(c, ext) AS ¢ FROM tr...(Q).
® i1, (EXISTS Q)
= SELECT tr.,(0OR(ext)) FROM tr..(Q),
where OR is an aggregate

TR({b1, . bn}) = Vicpen biv

defined as

function

Example 14 A transformation
tr...((SELECT SUM(col) FROM R*)=3)

produces Q' shown in Ezample 9, where we regard
equivalence operation = on integers as EQ.

The correctness of the transformation is induced
from the following theorem, whose proof is found in
the appendix.

Theorem 15 Suppose [tr..,(Q(RY))]... = ST with
. Then, [|S|Inay = {[Q(R)]e | R € [RT |1}

7 Concluding remarks

All source files of CombSQL+ implemented according
to this paper are open to public [5].
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A Correctness of the transfor-
mation

This section presents a proof of Theorem 15.

From the freshness of variable names SQL func-
tions with side effects (intorduced in Definition 11),
the following properties hold.

Lemma 16 Let [tr..,(Q(R"))]... = ST with . Then
1. Var(R") U Var(St) C Var(¢), and
2. Variables in Var(y) \ Var(R™1) are all fresh.

Lemma 17 1. Suppose [tr...(Q(RT))].. = ST with
. If a valuation o with Dom(a) 2 Var (1) satisfies
a =1, then (1) = [Q(a(RT))]...-

2. Suppose [tr.,(e(RT))]. = v withy. If a valuation
a with Dom(«) D Var(vy) satisfies o |= 1, then
a(v) = [e(a(RT))]2r.

exp

Proof We show 1. and 2. simultaneously by induc-
tion on the definition ¢r.
1. We present only the case
Q(R*) = SELECT e(R") AS ¢ FROM Q(R™).
Let [tr..(Qi(R*)).. = S with 1, and let
[tro,(e(RT))], = v" with ¢" for every r € Sy.
Then,
[tre (Q(RY))ser

= [SELECT {re(e(R1)) AS c¢,ext FROM tr.(Q1(R1))]sa

= ST with ¢
Here, ST and 7 can be represent as follows:
§* = e =" ext = [ext]r,) | € 57},
ROV —
Let a be a valuation that satisfies & = 1. Since
Dom(«) 2 Var(¢) by Lemma 16, we can assume by



induction hypothesis that oz(S+) [Q1(a(RM))]eer,s

and a(v”) = [(e(a(R1)))]") for each r € S .
From these facts, we have
a(ST)
={{c=al")) |resS, [ext]o) a(r) — true}
= {{c = [e(a(R* ))]iﬁ”» re s, [ext]0{")= truc}
= {{c= [e(a(R+))]exp>> |1 € Oé(Sfr)}}
= {{c = le(aBN) |7 € [Qi(a(RY))].w}
= [Q(a(RT)).a-
2. We show only the case

e(RT) = f(er(RY),...,en(RT)).
Let [trop(ei(RT))]". = y; with ¢; for each i (1 <
< n). Then,
[ Te(€ (R+))pr
= ['([tree(ex(RT))L,, - s [tren(en(RT))]Z,)
=y withyY Ay A-- /\1/)n.
Here, ¢ is a constraint
FWis - Yn)-
Let « be a valuation that satisfies a = ¥ A 91 A
- *Atp. Since Dom(«) 2 Var()) by Lemma 16, we
can assume by induction hypothesis that a(y;) =
[ei(a(RT))]2(". From these facts, we have

aly) = [flay), -, alyn)))]a"

= F(fer(a(BIED, . en(@(BH)])
= [e(a(R))20). O

exp

—~

exp

representing y =

Lemma 18 1. Suppose [tr..(Q(R™))].. = ST with
¥.  For a waluation  such that Dom(B) =
Var(R™), there exists a valuation a(= 3) such that
a E 1Y and a(ST) = [Q(a(RT))].0-

2. Suppose [tr..,(e(RT))]., = v with 1. For a valu-

ation ( such that Dom(3) = Var(R"), there ex-
ists a valuation « such that o = 1 and a(v) =

[e(a(RF))em.

Proof We show 1. and 2. simultaneously by induc-
tion on the definition tr.
1. We present only the case
Q(R*) = SELECT e(R") AS ¢ FROM Q;(R™).
Suppose [tr(Q1(R*))].. = S with %, and
[trop(e(RT))]r, = o" with ¢" for every r € Si.
Then,
[tren (Q(RT))a
= [SELECT 7o (e(R™)) AS ¢, ext FROM 7501 (Q1(R1))]sar
= ST with .
Here, ST and 1 can be represent as follows:
§* = {{lc = v ext = [ext]r,) | € ST},
V=11 A /\reslJr Y.
For a given valuation ( such that Dom(B) =
Var(R"), by induction hypothesis there exists
(= B) such that oy E 1,
o B U, ai(SH) = [Quar(R*)), and
a”(v") = [e(a”(R))]L,. By 2. of Lemma 16,
these valuations are compatible, and hence union
« of all these valuations are well defined. Here,

a valuation a1, o’

aj(RY) =a"(R") = a(R") =
From these facts, we have

B(RT) and « = 1.

= {{c=al")) |res, [ext}a(r) = truej}
= {{(c = le(a(RM))]2) |7’ € Sy, [ext]2{"= truc)
= {{c=le(aBNI) [ € a(S+)}
= e = [e(@B)L) [ € [Qi(a(R))l.u}
= [Q(a(R7))]a
2. We show only the case
e(RT) = f(er(RT),... en(RT)).
Suppose [trexp(el(]:i*))]exp = y; with ¢, for each

i (1 <i<mn). Then,

tre(e (RO,

= P ([tranles (RO [ramlen (RO,

=y withey Ay A-- /\wn,
where, 1 is an SMT-constraint that represents
y=fyi, s yn)
For a given valuation 8 such that Dom(8) =
Var(R"), by induction hypothesis there exists a
valuation «;(> B) for ¢ = 1,...,n) such that
a; = ¢ and o;(y;) = [61(041(]%*))]0‘;(’”). By 2. of
Lemma 16 and the freshness of y, the valuations
a; and {y — f(a1(y1),-..,an(ys))} are compati-
ble. Let a: be the union of the all valuations, where
ai(RY) = a(R*) = A(RY) and a |k % A A, v
From these facts, we have

aly) = [faly), .- alyn))]a"

= f(ler(@BENI, .- [en(a(BF)])

= [e(a(RT))]o. O

Theorem 15 Suppose [tr..,(Q(R1))]... = ST with
. Then, [|S™Inay = {[Q(R)].ce | R € [RT I3}

Proof (C) Let S € ||ST||yayp. Then S = a(S™) for
some « such that a =n A. By 1. of Lemma 17, it
follows that a(S*) = [Q(a(R"))]... Since a(RT) €
|RT|l; is induced from « k= 7, we obtain that S is
the right-hand side.

(2) Let S in the right-hand side, then S =
[Q(R)].. for some R € ||R*|,, and thus there ex-
ists a valuation § such that 8 = n and R = B(R™").
From these, we obtain S = [Q(B(R"))].., where we
can assume Dom(f3) = Var(R"T). By Lemma 18,
there exists a valuation a(> ) such that a = o
and a(S%) = [Q(@(R*)]. Since [Q(a(R))].a =
[Q(B(RT))].. and B = ¥ A 1 induced from these, we
obtain S € ||ST ||, ayp- O




